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a£w|nuwyjwPnuw|o[h5ou~T¢rn[hX[]U\?]:h=wP1EÁwiio[nuwQŁmjîfg~@]`]Unﬂxzwﬂf{wPjëwy#rnTjl]Uq]:hkjlrnu¼sTo[{Prjlr]:hëuou]jwjXu]
~@]Uql ]:j"{Pi]BsTo[{PUf`wyijlXu]ërngŁPwPŁP]:³ou~g¢rn[urnu)jlw)oun[hkjl]B{PifÁ¢Y{BŁP]BhU¤_ni w|qkjoun[{ﬂj]UfP§BjXu]ë{P\?wPounTj#wP
irthhkr~[{ﬂjrw|n®¢XurtXjlXu]:f?rn|jqlwuio[]Áhl]U]U\hë\o[HXt{yqP]:q5jlX[{Pn®jlXK{ﬂjﬃn[]U]:i]Bjw¼wPijH{yrn{Pn{|UouqH{ﬂj]
nuw|ni«ÉwThlUrt{ﬂjwPqlfngou\?]Uqr:{y"hlwPoijlrwPnÚ¤ ¾ hÁ{wPn[hl]:sTou]:n[]|§[jXu]miwP\?rn[{ynTj)jl]:ql\ wP-jlXu]¼nTo[\m]:qlrtU{P
]:qlqwPqﬃrthU{yqqr]B®gfjXu]irthlhlr~[{ﬂjrw|nÚ¤
 ]³hlouP|]:hkj=jlw¼ wPqP]jY{y@w|oijYhzjqlrt%jY\?wPnuwPjlwPn[rUr±jzf{yn[®jlw¼|]jﬃrn[hl~urql]Bgf <)rq]:%jdgr\out{ﬂjrw|n
j]:HXunurts|o[]:h)rn¡¢XurtX¡nuw|ni«îirhhlr~[{yjlrŁP]XurPXi«¬wPqHi]:q{P~u~uqwB¥ir\?{yjlrwPn[h{yq]hkj{Purrthk]B&rn¡|wgwi&{PUUoi«
qH{PUf³w|n[ir±jrwPn[h#jlXK{yn ih#jlw)2[±j]UqHh¢XurtX¼ql]:f³wPnŁP]:qlfT«¬Xur|X]:ŁP]UnwPqHi]Uq"i]:qlrŁﬂ{yjlrŁP]:h:¤

]YhkX[{P 2[qHhkj
hlXuwﬂ¢ Xuwﬂ¢ jXurthU{yn@]iwPnu]mjlXuqwPou|X{wPn[]«îir\?]:n[hkrwPn[{P"XurPXi«¬wPqHi]Uq³a¡_`dK´ % \m]UjlXuwiÚ§Ú\?wiir«
2[]Brn©hlo[X©{\{Pnunu]Uq³jlX[{yj³jlXu]uwP\?rnK{yn|jirthhkr~[{ﬂjrw|n jl]Uq\rth³~uqlw|~@wPqljlrwPn[{yjw&{hlr¥TjXi«¬wPqHi]Uq
i]:qlrŁﬂ{yjlrŁP]=rn¼hl~[{PU]P¤ "înjlX[]ﬃrnu]:{PqU{Phl]P§QjlXurth"rth]U¥i{|%jfÁjXu]Yw|n[hkjlqo[%jrw|nwy (+*:-i{Phlw)o[hl]:rn (+*  -¬¤
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%#]jo[h 2Kqhkjw|n[hlri]:qﬃjXu]wPnu]U«¬ir\?]Un[hlrwPn[{P¨hl:{yt{yqwPnKhk]:qlŁﬂ{yjlrwPnt{B¢
ut + f(u)x = 0
¯I*B²
¾
h`rn{a¡_`dK´ %A{y~[~uqlwQ¥ir\{yjlrwPnÚ§@{\mr¥i]:2[nurj]«¬ur40]Uq]Un[U]Qµ02[nur±j]«¬ŁPwPou\?]\?]jXuwi¡rth`o[hk]B& w|q
jXu]Áirthlq]jr­:{ﬂjrw|nrnhl~[{PU]P¤'%Ú]Uj
xj
§
1 ≤ j ≤ N
u]UnuwPjl]jXu]ÁirthlUql]Ujlr­:{yjlrwPn~@w|rnTjhëwy¨jXu]`\?]:hkX#¤
?[wPqë]:{|Xirhq]jr­B{ﬂjrw|n~@wPrn|j:§g¢ë]`hkj{yjl];P
uj ≈ u(xj)
{Pn[¢ë]`i]2[nu])jlX[]`UwPn|jqwP[ŁPw|o[\m]
Cj
{Ph
jXu]rnTjl]:qlŁﬂ{P
[xj− 1
2
, xj+ 1
2
]
¢Xu]:ql]
xj+ 1
2
=
xj + xj+1
2
¤
¾
hrn {32Knur±j]«îir40]Uq]UnK] \?]jXuwi¨§¢ë]i]2[nu] jlXu]oun gnuwQ¢n ŁP]:jlw|q
U = {uj}
{Ph~@wPrn|j
{P~u~uqlwQ¥ir\?{yjlrwPnŁﬂ{you]:hYwPjlXu]³ o[n[%jrw|n
u(x)
rn&]:{PHXnuwii]
j
wyjXu]\?]:hlXÚ¤5WYXu]³jlr\?]{PuŁﬂ{yn[Urn[
rthY¢qr±jljl]:n P
Uj,t + Ψj(U) = 0
¯M|²
¢Xu]:ql]|§Khlr\?rt{yqfjwﬀ2[nurjl]¼ŁPwPou\?]:h:§[jlXu]ŁP]B%jlw|q
Ψ(U)
rth)uour±j³{P:wPqHirnumjw{P~u~uqwB¥ir\{ﬂjlrwPnKhYwP
f(u)
i]2[nu]:&{yj]:Ú@wPo[n[u{yqr]BhP
Ψj(U) =
1
∆x
(Φj+ 1
2
− Φj− 1
2
) I Φj+ 1
2
= Φ(uj , uj+1, fj+ 1
2
− , fj+ 1
2
+)
¯M|²
¢Xu]Uq]
Φ(u, v, f, g) =
1
2
[ (1 + δsign(c))f + (1− δsign(c))g ] , c = f ′(u/2 + v/2).
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iwﬂ¢n&{m~[{PqkjrUou{Pq  [oi¥ P
Φj+ 1
2
= Φ(uj , uj+1, fj+ 1
2
− , fj+ 1
2
+) =
fj+ 1
2
− + fj+ 1
2
+
2
+ δsign(c)
fj+ 1
2
− − fj+ 1
2
+
2
.
¯°T²
WYXu]¡wi]9®r]UnTj
δ
wPnTjlqwPthmjlX[]¡hl~[{ﬂjr{P)irhhlr~[{yjlrwPnÚ¤ ?uw|q®u]2[nurnu©jXu]¡rnTjl]:PqH{ﬂjlrwPn Ły{you]:h
fj± 1
2
±
wP
f
{ﬂj`@wPounKu{yqr]BhwP5w|n|jqlw|ÚŁPw|o[\m]
Cj
§K¢ﬃ]{P~u~ufjXu]¼a¡_Ád[´ %¦\?]jXuwiiw|w|PfI¯N(FﬂJ-è²§
jw)jXu]ﬃ]èj-{Pn[qrPX|j-wPnTjlqwPTŁPwPou\?]ë@w|oun[u{PqlfH [oi¥i]Bh
I fj± 1
2
±
rh"uo[rjoKhkrnu`rnu]:{yq"rn|j]Uq~@wPt{ﬂjrw|n
 w|ql\out{PhMP
fj+ 1
2
− = fj +
1
2 ∆fj+ 1
2
−
I fj+ 1
2
+ = fj+1 −
1
2 ∆fj+ 1
2
+
fj− 1
2
− = fj−1 +
1
2 ∆fj− 1
2
− I fj− 1
2
+ = fj −
1
2 ∆fj− 1
2
+
¢X[]Uq]
∆fj± 1
2
±
{Pql]hkwP~@]BhU§irÉ¤ ]|¤-{P~u~uqwB¥ir\{ﬂjrw|n[hëwyur40]Uq]Un[U]Áj]Uq\ ∂f
∂x
∆x
P
∆fj+ 1
2
− = (1− β) (fj+1 − fj) + β (fj − fj−1)
∆fj+ 1
2
+ = (1− β) (fj+1 − fj) + β (fj+2 − fj+1)
¯ SP²
rn©¢XurtX
β
rth{yn©ou~T¢rn[irnu£~[{Pq{P\?]jl]:qÁjX[{ﬂj¼wPnTjlqwPthÁjlXu]w|\urnK{ﬂjlrwPn©wyﬃ oufou~g¢rnK©{ynK
U]Un|j]Uq]:hlw|~@]:h:¤'?[wPq
β = 1/3
jXu]hlHXu]:\m]rhYjlXu]hkj{Pn[u{Pq®jXurqHg«¬wPqHi]Uq{|UouqH{ﬂj]³hlHXu]:\m]|¤

]mw|[hk]:qlŁP]jX[{ﬂj³r5jXu] [oi¥i]:h³{yq][{|hk]B£w|n ~@wPfgnuwP\?rt{y"ql]BwPn[hkjlqo[jlrwPn£ qlw|\ jXu]?{BŁP]:q{PP]
Łﬂ{Pou]:hÁwy=jXu]?oun gnuwﬂ¢n[h:§#{PhÁrnÀë^HG 2[nur±j]?ŁPw|ou\?]BhU§#Xuwiw|hlrnu{X[r|Xu]Uql«Éw|qi]:q`ql]Bw|n[hzjqloK%jlrwPn
¢r=~[qlwiuo[]®{&XurPX[]Uql«ÉwPqHi]:qH2[nurjl]«¬ŁPwPou\?]®hHXu]U\?]P¤!"înIjXu]®~uq]:hl]UnTjŁP]Uqlj]¥g«¬U]Un|j]Uq]:Iw|n|j]¥gj:§
XurPXu«ÉwPqHi]:qﬃ{|Uo[q{|f?rthﬃnuwPjYw|ij{Prn[]:gf{¼XurPXu]:qk«¬wPqHi]Uqërn|j]Uq~@wPt{ﬂjlrwPnuoijgf{ynrn|j]Uq~@wPt{ﬂjrw|n
jX[{ﬂj)wP\?~@]:n[hl{yjl]:hﬃjlXu]]UqqwPqYw|\?rnum qlw|\ jlX[]H2[nK{yÚU]Un|jq{PÚir40]Uq]Un[Urn[?rn©¯M|²%¤=WYXurh¢qlrjl]Bh{Ph
 w|wQ¢h P
∆fj+ 1
2
− = (1− β) (fj+1 − fj) + β (fj − fj−1)
+ θc (− fj−1 + 3fj − 3fj+1 + fj+2 )
+ θd (− fj−2 + 3fj−1 − 3fj + fj+1 )
∆fj+ 1
2
+ = (1− β) (fj+1 − fj) + β (fj+2 − fj+1)
+ θc (− fj−1 + 3fj − 3fj+1 + fj+2 )
+ θd (− fj + 3fj+1 − 3fj+2 + fj+3 )
¯M|²
¢Xu]Uq]
θc
{yn[
θd
{Pql]5~[{Pq{P\m]Ujl]UqHh0jlXK{ﬂj"UwPn|jqlw|yjlXu]ﬃwP\[rn[{yjlrwPnwPg ouf³ou~g¢rn[{yn[]:n|jl]:ql]B
UwPqql]:jlrwPn[h:¤1"în&wPqHi]:qﬃjlw{Pn[{yfihk]Á\?wPq]hkr\?~uf®jXurthhlHXu]U\?]P§u¢ë]{Phhkou\?]ÁjlX[{yj
c = f ′(u)
rthw|n[hkj{ynTj{yn[]:sTo[{y0jw8*
.
ææÒJU[íHàß%ß
  5 TJ7J	
 J5J77 
 
  

diHXu]U\?]:h
ω δ β θc θd  
Q½ · 
*  * *Qµy   
  * *Qµy «F*ﬂµﬂ  
  * *Qµy  «F*ﬂµﬂ 
  * *Qµy «F*ﬂµT*B « *QµT*0S S
    *Qµy «F*ﬂµT*B « *QµT*0S 
S * *    
W"{yu])* P ¾ Uo[q{|f³wy@ir/4@]Uq]UnTjŁP]:qhlrw|n[h#wy[jlXu]ﬃn[]U¢ hHXu]U\?]:h"rn * < U{Phl]
I
wg]9®r]Un|jHh"{Pql]ﬃi]2[n[]:
rn£di]:%jrw|n£i¤+*P¤-{Pn[&i¤Fi¤
WYXu]:n P
Ψj(U) =
1
4∆x
( (1 + δ)θd fj−3
+ [(1 + δ)β + 2δθc − 4δθd − 4θd] fj−2
+ [−2(β + 2δβ + 1)− 8δθc + 5θd + 7δθd] fj−1
+ [6δβ + 12δθc − 8δθd] fj
+ [2(β − 2δβ + 1)− 8δθc − 5θd + 7δθd] fj+1
+ [−(1− δ)β + 2δθc − 4δθd + 4θd] fj+2
−(1− δ)θd fj+3
)
¯ y²
¢XurtHXPrŁP]BhP
Ψj(U) =
∂f
∂x
+ C3
∆x2
6
∂3f
∂x3
+ C4
∆x3
4
∂4f
∂x4
+ C5
∆x4
120
∂5f
∂x5
+ C6
∆x5
24
∂6f
∂x6
+O(∆x6)
¢Xu]:ql]
C3 = 1− 3β
C4 = δ(β + 2θ
c + 2θd)
C5 = 1− 15β − 60θ
d
C6 = δ(β + 2θ
c + 8θd) .

]?w|[hk]:qlŁP]jX[{ﬂjhlHXu]U\?]:hi]:hqr@]: rn ¯M|²î«H¯M|²`{Pql]mrn|]Unu]:q{Phl]:w|n[g«¬wPqHi]UqÁ{|Uo[q{yjl]¼uouj
jXu]Uf&@]:w|\m]XurPXi«¬wPqHi]Uq){P:ouqH{ﬂj]³ wPqÁhlwP\?]Łﬂ{Pou]BhwyjXu]~K{yqH{y\?]j]Uqh
β
§
δ
§
θc
{Pn[
θd
¤ ?"rèjlXi«
w|qi]:q{|UUouq{|f rhwPijH{yrnu]: ¢rjlX {Pn {Pi]Bs|oK{ﬂjl]IXuw|rU] wPjlXu]jlXuq]U]©wg]9®Ur]:n|jh:§)Łgr­|¤
β =
1/3, θc = −1/10, θ
d = −1/15
¤"înjlX[{yj:{Phl]P§gjlX[]³ngou\?]Uqr:{yÚirthhkr~[{yjlrwPnjH{JP]BhﬃjlXu]³ wPq\8P
Dj(U) =
δ
60∆x
(−fj−3 + 6fj−2 − 15fj−1 + 20fj − 15fj+1 + 6fj+2 + fj+3 )
¯M|²
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WYXu]w|qlq]:hl~@wPn[irnumirthlhlr~[{ﬂjrŁP]H [oi¥¢qlrjl]BhP
D¯j+ 1
2
(U) =
δ
60
(−fj−2 + 5fj−1 − 10fj + 10fj+1 − 5fj+2 + fj+3 ) .
¯ .|²
dgrn[]¼jlXurth³irthlhlr~K{ﬂjlrwPn¡jl]Uq\ rth`[{|hk]B£wPn{Pn¡ou~g¢rn[urnu~[{yqH{Pur|\§@rjÁXK{Ph`Pwgwi£]¥i~urUr±j³rnu]B{yq
hkj{Purrjîf&¯°{Pn[{yfihk]Bmrn?jXu]`hk]BsTou]Uè²%§|jlwP|]jXu]Uq=¢r±jX{³K{yt{yn[U]:?hl~[{yjlrt{yKhkj{y[rrthl{yjlrwPn?~uqwP~@]UqljzfP¤1"în
jXu]³U{|hk]`¢Xu]:ql]`jlXu]³ou~T¢rn[irnum~[{Pq{|ir|\ rthﬃnuwPjﬃrnTŁPw P]:®rnjlXu]i]:hlr|nwy"{~[{PqkjrUou{PqﬃhX[]U\?]P§
¢ë]U{Pnjqlf®jlwP]jrn[hl~urql]BTf¯ .T²%¤
v5oujkjlrnu
δ = 0
§u]:{P[hﬃjlw{?U]Un|jqH{y«¬ir/40]Uql]:n[]B¯ n[wPni«îirthlhlr~K{ﬂjlrŁP]B²ﬃhlr±¥gjXi«Éw|qu]Uq{PUUouq{yjl]³hX[]U\?]P¤
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WYXu]o[hkoK{yU]Un|jq{P±«îir/4@]:ql]:n[]BhYjlXuq]U]U«É~@wPrnTj)hHXu]U\?]rth~@]:n[{yr­:]:&Tf&{®irthk~@]:qhlrwPn&]:{Pirnu®]Uqqlw|q:¤
WYXurthÁ]UqqwPq`rth³wP\?~@]:n[hl{yjl]B¡rn jXu]?:{Phl]¼¢Xu]Uq]¼¢ﬃ]mrnTjlqwiio[U]jXu]2[n[r±j]«¬]U]U\?]Un|j
P1
wPnKhkrthzj]UnTj
\{Phhë\{ﬂjqlr¥®¢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(~∇F )i =
1
meas(Ci)
∑
T ∈Ci
meas(T )
3
∑
k∈T
Fk ~∇Φ
T
k
¯N* .T²
"înw|qu]Uq`jw&i]2[nu]?wPjlXu]:q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oKhi]2[n[]mjlXu]?o[~T¢rn[I{Pn[
iwﬂ¢nT¢rn[&jlqr{PnuP]:h
Tij
{ynK
Tji
¤`WYXu]]U]U\?]UnTj
Tij
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jwjXu]ŁP]:qkj]¥
i
¢rjlX ql]:hl~@]:jjlw
jXu]Á]:uP]
ij
rz§g wPqY{PnTf®hlo69®r]Un|jfhl\?{P0~@w|hlrjlrŁP]`nTo[\K]:q
η
§gjlXu]³ŁP]:%jwPq
−η~ij
hkj{Pqkjrn[ qwP\
Si
rth)rn[hlri]jlXu]¼]U]U\?]:n|j
Tij
¤³dgfg\?\m]UjlqrtU{yfP§KjlXu]¼]U]U\?]:n|j
Tji
rth 	    	 	jlw®jXu]¼ŁP]Uqljl]U¥
i
¢rjlX
q]:hl~@]:%j=jwjlX[])]BiP]
ij
rz§T wPqﬃ{PnTfhko69®r]UnTjlfhl\?{P@~@w|hlr±jrŁP])ngou\@]Uq
η
§|jXu]`ŁP]:jlwPq
η~ji
hkj{Pqkjrnu
 qwP\
Sj
rth=rn[hlru]jlX[])]:]:\m]:n|j
Tji
¤

rjlXql] ]:ql]:n[]jlw?"rPouq])u§T]j
²ni
§
²mi
§
²jr
{Pn[
²js
@]jXu]
UwP\?~@wPnu]:n|jhwy"ŁP]:jlw|q ~ji
¯°ql]Bhk~Ú¤ ~ij
²ﬃrnjlX[]³w|ursTou]hlfihzj]U\ wy{ﬂ¥i]Bh
(~in, ~im)
¯°ql]Bhk~Ú¤ ~jr, ~js)
²P
~ji = ²ni ~in + ²mi ~im ,
~ij = ²jr ~jr + ²js ~js .
WYXu]:nh{BfgrnujX[{ﬂj
Tij
{Pn[
Tji
{yq])ou~[hkjlq]:{P\ {Pn[iwﬂ¢n[hzjql]B{y\ ]:]:\?]Un|jHhë\?]:{Pn[h=jlXK{ﬂjëjXu]UfX[{QŁP]
@]U]:n&HXuw|hl]Unrn&hlo[HX&{m¢ﬃ{QfjlX[{yjjlXu]UwP\?~@wPnu]:n|jHh
²ri
§u]Ujy¤5{Pql]{y¨nuw|nunu]UT{ﬂjrŁP] P
Tij
ou~T¢rn[&{ynK
Tji
iwﬂ¢nT¢rn[
⇔ ²ni, ²mi, ²jr, ²js
{yq]³{PÚnuwPni«¬nu]:|{ﬂjrŁP]
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WYXu]®ou~g¢rn[ªPqH{Pir]UnTj
(~∇F )uij
rthUwP\?~uoij]:ª{Ph³jXu]®o[hlo[{y 2[nurjl]«¬]U]U\?]:n|j|q{|ir]Un|jwPn
Tij
{Pn[
jXu]iwQ¢ng¢rnKPqH{Pur]:n|j
(~∇F )dij
w|n
Tji
¤5WYXurthY¢qrjl]:h P
(~∇F )uij =
~∇F |Tij
{yn[
(~∇F )dij =
~∇F |Tji
¢Xu]:ql] ~∇F |T =
∑
k∈T
Fk ~∇Φk|T
{Pql] jlX[]IvF*«
E³{P]:qLgrn®|q{|ir]:n|jHh=wPnjlqr{PnuP]
T
¤-WYXurthﬃwP~ijrw|n{ywQ¢hë]¥gj]Un[hlrw|n[h=jlw5%ÚwuU{y@À-¥gjql]:\ou\ <)r\?rni«
rthkX[rnu£¯ %ÚÀ <³²hX[]U\?]:h{|hhkXuwﬂ¢nrn3(Fy0- (+*U-¬¤
 ]{ythkwmn[]U]:jlw®i]2[nu] P
(~∇F )cij .~ij = Fj − Fi .
 ]Ynuwﬂ¢Ahk~@]Br fwPouq\?]jXuwi w|q-w|\?~uoijlrnuÁjlXu]Y]U¥Tjq{P~@wPt{ﬂjrwPn¼hkwP~@]Bh
(~∇F )ij
{yn[
(~∇F )ji
P
(~∇F )ij .~ij = (1− β)(~∇F )
c
ij .~ij + β(
~∇F )uij .~ij
+ξc
[
(~∇F )uij .~ij − 2(
~∇F )cij .~ij + (
~∇F )dij .~ij
]
+ξd
[
(~∇F )D∗
ij
.~ij − 2(~∇F )i.~ij + (~∇F )j .~ij
]
,
¯MyT²
WYXu]UwP\?~uoijH{ﬂjlrw|nwP
Fji
rth{Pn[{ywP|wPo[hP
(~∇F )ji.~ij = (1− β)(~∇F )
c
ij .~ij + β(
~∇F )dij .~ij
+ξc
[
(~∇F )uij .~ij − 2(
~∇F )cij .~ij + (
~∇F )dij .~ij
]
+ξd
[
(~∇F )D∗
ji
.~ij − 2(~∇F )j .~ij + (~∇F )i.~ij
]
,
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WYXu]³j]Uq\
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)
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ij
rhjlX[]PqH{Pir]UnTj{ﬂjjlXu]~@w|rnTj
D∗ij
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Tij
¤
D*ij D*ji
S
Tij Tji
S
m
i j
n r
s
?"r|ouq]³P%ÚwuU{yrthl{yjlrwPnwPjlXu]]¥gjq{mrnTjl]Uq~@wPt{ﬂjrwPn~@wPrn|jHh
D∗ij
{Pn[
D∗ji
wy"nuwuu{y¨|q{|ir]:n|jh
WYXu]wg]9®r]Un|jHh
β
§
ξc
{yn[
ξd
{Pql]³ou~g¢rn[urnu®~[{Pq{P\m]Ujl]:qhëjX[{ﬂj`w|n|jlqwP0jXu]wP\[rn[{yjlrwPnwP
 oufou~g¢rn[&{Pn[]:n|j]Uq]:hlw|~@]:h:¤
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¾ r\?~@wPqlj{Pn|jÁŁﬂ{yqr{Pn|j`wy5jlXu]?{y@wﬂŁP]hHXu]U\?]¼rngŁPwPŁP]:h`{®jlr\m]?i]UqrŁﬂ{ﬂjrŁ|]jX[{ﬂjÁrth`]UŁy{yo[{ﬂj]:£¢rjlX
jXu]H2Knur±j]«¬]U]U\?]UnTj)wPnKhkrthzj]UnTj\?{|hlhY\{ﬂjqlr¥¨§g]U¥g~[ql]Bhlhl]:rnjl]:ql\hYwyjXu]o[hko[{P
P1
j]:hkjY o[n[%jrw|n[h
{|hë w|wﬂ¢hP
MFEMij =
∫
ψiψj dv
¯MP|²
¢XurtHX©U{Pqlqr]BhÁ{ynI]¥gjlqH{~[{Pq{P\m]Ujl]:q
ω
]BsTo[{yjlw3*?¢Xu]UnIjlXu]\{ﬂjlqr¥¡rthÁ qwP\ ?"À=aª§¢X[]UnI¢ë]
P]:]U~jlX[]³~[ql]:ŁTrwPoKhYirt{y|wPn[{P@w|nu],P
Mωij = ω
∫
ψiψj dv + (1− ω)M
FV M
i j
MFV Mi j = meas(Ci) if i = j, 0 else.
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r±jX jXu]
Uwg]9®r]UnTjh
β
§
ξc
§
ξd
{yn[
δ
¤

]³X[{QŁP]³{Phlw¼rn|jqlwiuo[]B{mirthq]jlr­:{yjlrwPnwy#jXu]Ájr\?]i]:qlrŁﬂ{yjlrŁP]P§
~[{Pq{P\?]jl]:qlr­U]B¡¢r±jX©{&wi]9®r]UnTj
ω
{|h³{¢ë]Ur|X|j@]jz¢ë]:]Un©{&irt{y|wPn[{P12[n[r±j]«¬ŁPwPou\?]«¬r+P]m\{Phh
\{ﬂjqlr¥{ynK{2[nurjl]U«É]:]:\m]:n|jw|nu]P¤

]q]:hkjlqrjﬃjw{Pn{|iŁP]:jlrwPn\mwui]U P
Ut + aUx + bUy = 0 .
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]ﬃu]UnuwPjl]ëTf
Uβ,δ,ω,ξc,ξd
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gf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rjlXjlX[]³~K{yqH{y\?]j]UqHh
(β, δ, ω, ξc, ξd)
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·
Uβ,δ,0,0,0t = −aUx − bUy
+T2
+T3
+T4
+T5
+O(∆x6,
∆x7
∆y
,
∆y7
∆x
,∆y6)
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¢rjlXjlX[]Á w|wﬂ¢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T2 =
+
a
6
(3β − 1)∆x2 Uxxx
+
(3β − 1)
6
C1∆x Uxxy
+
(3β − 1)
6
C1∆y Uxyy
+
b
6
(3β − 1)∆y2 Uyyy
¢rjlXjlX[]Á w|wﬂ¢rn[¼jlX[rqHg«¬wPqHi]Uqﬃjl]:ql\8P
T3 =
−δ
(
β
12
)
C2
∆x3
∆y
Uxxxx
−δ
(
β
3
)
|C1|∆x
2 Uxxxy
−δ
(
β
3
)
|C1|∆x∆y Uxxyy
−δ
(
β
3
)
|C1|∆y
2 Uxyyy
−δ
(
β
12
)
C3
∆y3
∆x
Uyyyy
¢rjlXjlX[]Á w|wﬂ¢rn[¼ wPo[qkjXi«Éw|qu]Uqﬃjl]Uq\8P
T4 =
a
β
8
∆x4 Uxxxxx(
5β
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−
1
72
)
C1∆x
3 Uxxxxy
(
5β
12
−
1
36
)
C1∆x
2∆y Uxxxyy
(
5β
12
−
1
36
)
C1∆x∆y
2 Uxxyyy
(
5β
24
−
1
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)
C1∆y
3 Uxyyyy
b
β
8
∆y4 Uyyyyy
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{Pn[jlXu]³ w|wﬂ¢rnu2uèjlXu«Éw|qi]:qYjl]Uq\8P
T5 =
−δ
β
72
C2
∆x5
∆y
Uxxxxxx
−δ
β
12
|C1|∆x
4 Uxxxxxy
−δ
5β
24
|C1|∆x
3∆y Uxxxxyy
−δ
5β
18
|C1|∆x
2∆y2 Uxxxyyy
−δ
5β
24
|C1|∆x∆y
3 Uxxyyyy
−δ
β
12
|C1|∆y
4 Uxyyyyy
−δ
β
72
C3
∆y5
∆x
Uyyyyyy
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Xu]Uq]ÁjlXu]
Ci
 h{yq]³{J9?n[]³rn
∆x
{ynK
∆y
P
C1 = b∆x+ a∆y
C2 = |b∆x+ a∆y|+ | − b∆x+ 2a∆y|
C3 = |b∆x+ a∆y|+ |+ 2b∆x− a∆y| .
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WYXu][{Phlrt
β − δ − ω
hlHXu]:\m]rngŁPwPŁP]:h{?irt{yPw|n[{y0\{Phhk«É\{ﬂjqlr¥®ŁP]UqHhkrwPn¢Xu]:n
ω = 0
{Pn[{¼ ou
UwPn[hlrhkjl]:n|j`\{Phhk«É\{ﬂjqlr¥ wPq
ω = 1
¤

]¼PrŁP]nuwﬂ¢ jXu]¼]¥gjq{jl]Uq\h)rn|jqlwiioK]:£gfjlXu]¼|]Unu]:q{P
:{Phl]?¯
ω 6= 0
²7P
Uβ,δ,ω,0,0t − U
β,δ,0,0,0
t =
+P2
+P3
+P4
+P5
+O(∆x6,
∆x7
∆y
,
∆y7
∆x
,∆y6)
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P2 =
+
a
6
ω∆x2 Uxxx
+
ω
6
C1∆x Uxxy
+
ω
6
C1∆y Uxyy
+
b
6
ω∆y2 Uyyy
¢rjlXjlX[]Á w|wﬂ¢rn[¼jlX[rqHg«¬wPqHi]Uqﬃjl]:ql\8P
P3 = 0
¢rjlXjlX[]Á w|wﬂ¢rn[¼ wPo[qkjXi«Éw|qu]Uqﬃjl]Uq\8P
P4 =
−a
ω
12
(β +
ω
3
−
1
2
)∆x4 Uxxxxx
−
ω
6
(β +
ω
3
−
1
2
)C1∆x
3 Uxxxxy
−
ω
6
(β +
ω
3
−
1
2
)C1∆x
2∆y Uxxxyy
−
ω
6
(β +
ω
3
−
1
2
)C1∆x∆y
2 Uxxyyy
−
ω
6
(β +
ω
3
−
1
2
)C1∆y
3 Uxyyyy
−b
ω
12
(β +
ω
3
−
1
2
)∆y4 Uyyyyy
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iw?nuwyj|rŁP]`jXu]Á ouqljXu]UqYjl]:ql\h{ynKq] ]UqYjlw8(/*0S -¬¤-WYX[]{y@wQŁ|])j]Uq\?h{ywQ¢ jlw?ŁP]UqrèfjX[{ﬂjY w|q
β = 0
{Pn[
ω = 1
§
P2
{Pn[
T2
w|\?~K]:n[h{ﬂjl]|§
P3
{yn[
T3
Ły{ynurthlXÚ§gjlXu]hX[]U\?]³rthﬃ w|ouqkjX&{|UouqH{ﬂj]P¤
WYXu]hlHXu]U\?]Yrth"n[wyj5irthlhlr~[{ﬂjrŁP]Y{Pn[jXurth-U{PnmU{PqlqfhlwP\?]Yhkj{Purrjîf~[qlw|u]:\?h" wPq-UwP\?~uq]:hhkru]
 [wﬂ¢hë{Pn[nuw|ni«Éq]U|out{yq5\?]:hlXu]:h:¤

]Á:{yn{P[®{irthlhlr~[{ﬂjrw|n?j]Uq\ {Ph=rndg]:P¤5i¤Fi¤
¾
n{|u{y~ijH{ﬂjrw|n
¢rÚq]Uf®wPn&irthhkr~[{yjlrwPn& Koi¥i]:h P
Tij = C(2(~∇F )D∗
ij
.~ij − 5(~∇F )uij .~ij + 6(~∇F )
c
ij .~ij − 5(~∇F )
d
ij .~ij + 2(~∇F )D∗ji .
~ij) .
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ξc
 ·   
 ]{Phhkou\?]
ω = 0
¤
Uβ,δ,0,ξc,0t − U
β,δ,0,0,0
t =
+Q2
+Q3
+Q4
+Q5
+O(∆x6,
∆x7
∆y
,
∆y7
∆x
,∆y6)
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Q2 = 0
¢rjlXjlX[]Á w|wﬂ¢rn[¼jlX[rqHg«¬wPqHi]Uqﬃjl]:ql\8P
Q3 =
−δ
(
ξc
6
)
C2
∆x3
∆y
Uxxxx
−δ
(
2ξc
3
)
|C1|∆x
2 Uxxxy
−δ (ξc) |C1|∆x∆y Uxxyy
−δ
(
2ξc
3
)
|C1|∆y
2 Uxyyy
−δ
(
ξc
6
)
C3
∆y3
∆x
Uyyyy
¢rjlXjlX[]Á w|wﬂ¢rn[¼ wPo[qkjXi«Éw|qu]Uqﬃjl]Uq\8P
Q4 = 0
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Uβ,δ,0,0,ξdt − U
β,δ,0,0,0
t =
+R2
+R3
+R4
+R5
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∆x7
∆y
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∆y7
∆x
,∆y6)
¯°PT²
¢rjlXjlX[]Á w|wﬂ¢rn[?hl]:w|n[g«¬wPqHi]Uqëj]Uq\!P
R2 = 0
Ùèå"æÚÙèç
 	

ﬀ
 * .
¢rjlXjlX[]Á w|wﬂ¢rn[¼jlX[rqHg«¬wPqHi]Uqﬃjl]:ql\8P
R3 =
−δ
(
ξd
6
)
C2
∆x3
∆y
Uxxxx
−δ
(
2ξd
3
)
|C1|∆x
2 Uxxxy
−δ (ξd) |C1|∆x∆y Uxxyy
−δ
(
2ξd
3
)
|C1|∆y
2 Uxyyy
−δ
(
ξd
6
)
C3
∆y3
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3∆y Uxxxxyy
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9
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o[nT@wPounKi]:©hkjlq]jHXurnu[¤ ?[qlw|\
jXurhhkj{Pn[i~@w|rnTj:§irj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jXu]Un
C2 = 3|a|∆y
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qlrjl]BhP
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∆y
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ω = 0
§uX[{BŁP]Áw|nuf®hlr±¥gjXi«Éw|qi]:qYirhhlr~[{yjlrwPn
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β
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ξc
{yn[
ξd
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¾
hlw[§@jXu]¼]UŁP]:"wyëirthlhlr~[{ﬂjrw|n¡wy5jlXurth`°{y\?rf£wyëhlHXu]U\?]Bh)rth`\o[HX
hl\{y]:qﬃjlXK{yn w|qo[hlo[{y#a¡_`d[´ %ªhX[]U\?]:h:§uhl]U]5(+*:0-¬¤
WYXu]w|n[hkrthkjl]UnTjk«¬\{Phhz«¬\{ﬂjlqlr¥ §5rÉ¤ ]|¤
ω = 1
hXu]:\?]:hmU{Pn¦@]\{Pi] w|ouqkjXi«¬wPqHi]Uq¼{|Uo[q{yjl]P¤
Qﬃoij`jXu]Uf¡{yq]¢r±jXuwPoij{yngf&irthhkr~[{yjlrwPnÚ¤)"în w|qu]Uqjwrn[Uql]B{Phl]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ω β ξc ξd δ
G`qHi]Uq
β
«¬hX[]U\?]  *ﬂµﬂ   * 
β
«¬hX[]U\?]  *ﬂµﬂ    
? « `a£]jXuwi  *ﬂµﬂ «*Qµﬂ| «z|µT*0S * S
?"À-« Á?a¡]jlX[wi * *ﬂµﬂ   * 
W"{yu] P ¾ :ouqH{Pf®wPir40]Uq]UnTjŁP]UqHhkrwPnKhëwPjlXu]nu]:¢ hXu]:\?]³rn£,<´ﬃ{Pqkj]:hlr{Pn:{Phl]
nuw|ni«Éq]U|out{yq5\?]:hlXu]:h:§T¢ë]`~uqlw|~@w|hl]Yjw¼{|u®{irthlhlr~[{ﬂjrw|n?jl]:ql\ [{|hk]BwPn{hlr±¥gjlXu«Éw|qi]:q=u]UqlrŁﬂ{yjlrŁP]P§
{Pn[rn|jqlwiuo[%jrnu¼wPn[f{yn]¥gjlqH{ 2uèjlXu«Éw|qi]:q=jlqoun[:{ﬂjlrwPn]UqlqwPqB¤1"înU{Phl])wy#oun[hkjlqo[%jouq]:®\m]BhkXu]BhU§
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WYXu]À5ou]Uq]:sTo[{yjlrwPnKhY{Pql]³u]Unuwyj]:Tf P
Wt + divF = 0 , F = (F,G)
¯°||²
"în&~uqH{Pjlrt]P§[¢ë]nu]:]:jlwrn|jqlwuio[]hlwP\?]irthlhlr~K{ﬂjlrwPn&¢r±jX¡{}r]U\{ynun¡hkw|ŁP]:q:¤=WYX[]rn|j]Uql]Bhzj
wP"{¼Pwiwi®ou~T¢rn[irnu?rthY{mq{yjlXu]:qﬃqH{ﬂjrw|n[{y0¢ﬃ{Bf®rnrn|jqlwiuo[rnu?irthlhlr~[{ﬂjrw|nÚ¤WYX[]) Koi¥ir/40]Uq]Un[]
hl~ur±jljlrnu~uqlw|~@w|hl]:Tf}wg]³¢qrjl]:h P
(F (UL) + F (UR))/2 − |A(U˜)|(UR − UL)/2 , A =
∂F
∂W
.~n .
¯Myg²
rn£¢XurHX& wPq`{ur{PPwPnK{yrh{yu]³\{ﬂjqlr¥
A = T−1ΛT
§
|A|
i]:nuwyj]:h
T−1|Λ|T
{ynK¢Xu]:ql]
U˜
Xuw|uh
 w|qYjlXu]}wg]{QŁP]UqH{y|]`wy
UR
{yn[
UL
§urn&hlXuwPqlj P
U˜ = (ρ
1
2
RUR + ρ
1
2
LUL/(ρ
1
2
Rρ
1
2
L)
¢XurtHX]UnyxzwQfihﬃjXu]³ wPwﬂ¢rnum~[qlw|~K]:qkjzf P
F (UR)− F (UL) − A(U˜)(UR − UL) .
"în¦¯ XurPX£]Un[wPou|XK²Yhlou~@]UqHhkw|nurt³U{|hk]|§
A(U˜) = |A(U˜)|
w|q
A(U˜) = −|A(U˜)|
{Pn[&}wg]  hhk~[rjkjrn[rth
 oufou~g¢rn[¨¤

]{ythkwmw|[hl]UqlŁ|])jX[{ﬂj
|A(U˜)|(UR − UL)/2 = T
−1Diag(|λ1|, |λ2|, |λ3|, |λ4|)T = sign(A)A ,
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¢Xu]:ql]
sign(A) = T−1Diag(sign(λ1), sign(λ2), sign(λ3))T.
¯M S|²
jXTo[hYjXurh{QŁP]UqH{yPrnum{Phlwm~@]Uq\?r±jHhﬃjXu]³ wPwﬂ¢rnum]Bs|o[rŁy{y]Un|jY w|ql\o[{yjlrwPn P
(F (UL) + F (UR))/2 − sign(A(U˜))(F (UR)− F (UL))/2 .
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u¤ ¾ [{|g|qlwPo[n[ﬀ [wﬂ¢
U = (ρ, ρu, ρv,E)
w|n]:{|XŁP]Uqljl]U¥wyjXu]\m]BhkX£{yq]ÁPrŁP]Un#¤
*P¤=´ëw|\?~uoijl]³jlXu]M Koi¥i]:h
F¯ = F (U), G¯ = G(U)
w|n]:{PHXŁP]Uqljl]U¥¯ ŁP]Uqljl]U¥i¢rhl]Áwgw|~K²%¤
i¤ ´ëw|\m~[oijl]jXu]£nuwiu{PY|q{|ir]:n|jHh
∇F¯ , ∇G¯
wy`jlXu]8 [oi¥i]:h?w|nA]B{PHXAŁP]:qkj]¥ ¯ ]U]U\?]:n|jz¢rhl]
wgwP~@²%¤-WYXurthrhiwPn[]³Tf{y~[~ufgrnumjlXu]nuwuu{y¨|q{|ir]:n|jY wPq\ou{P
(~∇F¯ )i =
1
meas(Ci)
∑
T ∈Ci
meas(T )
3
∑
k∈T
(F¯ )k ~∇Φ
T
k
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(~∇F¯ )ij · ~ij = (1− β)(~∇F¯ ))
c
ij · ~ij + β(
~∇F¯ ))uij · ~ij
+ξc
[
(~∇F¯ ))uij · ~ij − 2(
~∇F¯ ))cij · ~ij + (
~∇F¯ ))dij · ~ij
]
+ξd
[
(~∇F¯ ))D∗
ij
· ~ij − 2(~∇F¯ ))i · ~ij + (~∇F¯ ))j · ~ij
]
,
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F¯ = (F¯ , G¯)
F¯ij = F¯i +
1
2
∇F¯ij
F¯ji = F¯j −
1
2
∇F¯ji
¯°,.T²
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Φij = 0.5 (F¯ij + F¯ji) · nij
¯ |T²
[¤À=Łﬂ{yo[{ﬂj]ÁjlX[]hzjH{yurrth{ﬂjlrwPnj]Uq\8P
Dij = 0.5 δ sign(Aij)(F¯ji · nij − F¯ij · nij)
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Aij
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i]2[nu]:gfP
Aij = (F
′, G′)((Ui + Uj)/2) · nij .
¯ T|²
Si¤=´ëw|\?~uoijl]³jlXu]M2Kn[{yÚ]:i|]H [oi¥{Ph P
Φupwindij = Φij − Dij
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r±jXuwPoijëwThkrnu³jlX[]wQ¢ urhl~@]UqHhkrwPn?~uqwP~@]Uqljlr]:h¯èjzfg~urtU{yfP§
2uèjXi«Éw|qu]Uq{P:ouqH{PUfi²ëw|n[hlrhkjhYwy"o[hlrnumjlX[]BQﬃ{PqkjXUwPn[hkjlqo[%jrw|nwyU]Uh¯Mdg]B%jlrwPn£u¤+*B²¤
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	 3B  
WYXu]{yPw|qlrjlXu\  wPq{|hlhl]U\urnu?hX[]U\?])¹ &:{yn@]hkou\?\?]:ou~£{Phﬃ w|wQ¢h:¤
u¤
¾
[{|g|qlwPo[n[ﬀ [wﬂ¢
U = (ρ, ρu, ρv,E)
w|n]:{|XŁP]Uqljl]U¥wyjXu]\m]BhkX£{yq]ÁPrŁP]Un#¤
*P¤=´ëw|\?~uoijl]³jlXu]M Koi¥i]:h
F¯ = (F¯ , G¯) = (F (U), G(U))
wPn]:{|XŁP]:qkj]¥¯ ŁP]:qkj]¥i¢rthk]³wiwP~K²¤
i¤ ´ëw|\m~[oijl]jXu]£nuwiu{PY|q{|ir]:n|jHh
∇F¯ , ∇G¯
wy`jlXu]8 [oi¥i]:h?w|nA]B{PHXAŁP]:qkj]¥ ¯ ]U]U\?]:n|jz¢rhl]
wgwP~@²%¤-WYXurthrhiwPn[]³Tf{y~[~ufgrnumjlXu]nuwuu{y¨|q{|ir]:n|jY wPq\ou{P
(~∇F¯ )i =
1
meas(Ci)
∑
T ∈Ci
meas(T )
3
∑
k∈T
(F¯ )k ~∇Φ
T
k
(~∇G¯)i =
1
meas(Ci)
∑
T ∈Ci
meas(T )
3
∑
k∈T
(G¯)k ~∇Φ
T
k
¯ Pg²
u¤5dTjH{yqlj;
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T¯ij = C
(
2(~∇F¯)D∗
ij
· ~ij − 5(~∇F¯)uij · ~ij + 6(
~∇F¯)cij · ~ij − 5(
~∇F¯)dij · ~ij + 2(
~∇F¯)D∗
ji
)
.
ææÒJU[íHàß%ß
y  5 TJ7J	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
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
"înw|qu]Uqëjlw¼jounu]ÁjlXu]irthlhlr~[{ﬂjrw|n®jlw?{¼Ły{you]ÁUwThk])jw¼jlX[]Áw|nu]³{y~u~@]:{Pqlrnu¼rnjlXu]³ou~T¢rn[hXu]:\?]
¯MP|²§i¢rjlX
ξc = −1/30, ξd = −2/15
§u¢ë]X[wgw|hl],P
C =
3δ
30
.
¯ DS|²
<`]2[nu]  [oi¥rn|jl]:ql~@w|{yjlrwPn[h P
F¯ij =
1
2
(F¯i + F¯j) · nij + T¯ij · nij
F¯ji =
1
2
(F¯i + F¯j) · nij − T¯ij · nij
¯ |T²
WYXu]]:n|jlqH{yÚur40]Uq]Un[U]:& Koi¥jlXu]:n&¢qlrjl]BhP
Φij = 0.5 (F¯ij + F¯ji) · nij
¯  P²
[¤À=Łﬂ{yo[{ﬂj]ÁjlX[]hzjH{yurrth{ﬂjlrwPnj]Uq\8P
Dij = 0.5 δ ||n¯ij || sign(Aij)T¯ij · n¯ij
¯ |T²
¢Xu]:ql]
Aij
rthi]2[nu]:gfP
Aij = (F
′, G′)((Ui + Uj)/2) · n¯ij
¯  .T²
{Pn[¢Xu]Uq]
n¯ij
rthi]2[nu]:t{ﬂj]UqB¤
Si¤=´ëw|\?~uoijl]³jlXu]M2Kn[{yÚ]:i|]H [oi¥{Ph P
Φupwindij = Φij − Dij ,
¯ SyT²
{|u¯°hlou[hkjlqH{P%j%²=rjﬃjw [oi¥{|hlhl]U\uf®{ﬂjYŁP]:qkj]¥
i
¯
j
²§u{Pn[\oujlr~ufTfjXu]ÁrnTŁP]:qhl]`\{|hlhﬃ\{ﬂjlqr¥
rnw|qu]UqﬃjlwwPijH{yrnjlXu]ou~0u{yjl]wyjXu]Łﬂ{Pqlrt{yu]P¤
«>"în®jXu]Áh{y\?])¢ﬃ{Qf{Ph=rn®jlXu]M?  {ynK{yfghlrth)¯Mhk]:]`hkj{yjl]U\?]:n|jY*:²%§TjXu]`o[hl]`wyÚjlXu]ÁnuwPq\?{PKŁP]:jlwPq
UwP\?~uoijl]B qlw|\ \?]:irt{yn£]:thY wPqjlXu]irthlhlr~K{ﬂjlrwPnj]Uq\hY¢rÚ~uqwiio[U]³rn[wPnKhkrthzj]UnTj]Uqqlw|qëj]Uq\h
oun[u]UqÁjlXu]¼ w|ql\wyësTouwPjlr]UnTjh ∆x
∆y
w|q ∆y
∆x
¤v-{Phhkrnujlw8Qﬃ{PqkjX U]UhÁrhÁnuwyj{|wgwi£ru]:{hlrn[U]¼¢ë]
¢ëw|outwThk]ÁjlXu]{|Uo[q{|f@]Unu]2ujwPjlXu]UwPn[hlrhkjl]:n|j\{PhhY\{ﬂjlqr¥¨¤ G`ouq~uqlw|~@w|h{y0rh P
«-jw5P]:]U~jXu]B?À nuwPq\{y¨rn£wPnKhkrthzj]UnTj]:n|jlqH{y  [ou¥g]BhU§
«-jw?o[hl]{|h
n¯ij
jlXu]~[qlwyxz]:jlrwPnwy"rjwPn]:uP] ~ij
P
n¯ij = ~nij · ~ij ~ij .
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WYXu]ﬃjq{Pn[hz w|ql\{yjlrwPn qwP\ rn[]:{yq   ?hXu]:\?]:hrnTjlqwiio[U]:rn!(/*0Sg§6*B0-u¢Xu]:ql]ëjXu]Y~uqr\mrjlrŁP]YŁﬂ{Pqlr«
{Pu]Bh5{Pql]rn|j]Uq~@wPt{ﬂjl]B¨§Prn|jwjlX[]nuw|ni«Érnu]:{Pq hlHXu]U\?]Bh-rn|jqwiio[]Bmrn?jXurh=~[{P~@]Uq=i]:\{yn[uh
{Pnr\?~@wPqlj{Pn|j5jq{Pn[hk wPq\?{yjlrwPnm qlw|\ {a _`d[´ % hHXu]U\?]P§g{yn[ql]BhkoujHh5rn{\?wPq])wP\?~uoujl]Uqërn|jl]:ni«
hlrŁP]{yPw|qlrjlX[\¤1?[wPqjlXu]U{|hk]ﬃ¢Xu]:ql]ﬃjlXu]o[hl]:¼rhrn|j]Uq]:hkjl]Bw|nufgf{³wP\[rn[{yjlrwPn¼wP?"À=a£«Mjzfg~@]
{P~u~uqlwQ¥ir\?{yjlrwPn¢rjlX¡{hkw|~uXurthzjr:{ﬂj]:irthhkr~[{ﬂjrw|nÚ§u¢ë]i]:hqr@]nuwQ¢ Xuwﬂ¢ jw®{Phhk]:\u]{hkr\?~ur±«
2[]BhX[]U\?])¹ &¢r±jX&~uqr\?rjlrŁP]³Łﬂ{Pqlrt{y[]Bhërn|j]Uq~@wPt{ﬂjlrwPn#¤WYXurth¢qlrjl]Bh{Phﬃ wPwQ¢h P
u¤ ¾ [{|g|qlwPo[n[ﬀ [wﬂ¢
U = (ρ, ρu, ρv,E)
w|n]:{|XŁP]Uqljl]U¥wyjXu]\m]BhkX&rhPrŁP]Un#¤
*P¤=´ëw|\?~uoijl]³jlXu]~[qlr\?r±jrŁP]Łﬂ{Pqlrt{yu]
U˜ = (ρ, u, v, p)
w|n]:{PHXŁP]Uqljl]¥I¯ ŁP]Uqljl]U¥i¢rhl]ÁwgwP~@²%¤
i¤=´ëw|\?~uoijl]³jlXu]n[wiu{y¨|q{|ir]Un|jHh
∇U˜
¤
(~∇U˜)i =
1
meas(Ci)
∑
T ∈Ci
meas(T )
3
∑
k∈T
(U˜)k ~∇Φ
T
k
¯ S6*Q²
u¤5dTjH{yqlj;
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(~∇U˜)ij · ~ij = (1− β)(~∇U˜))
c
ij · ~ij + β(
~∇U˜))uij · ~ij
+ξc
[
(~∇U˜))uij · ~ij − 2(
~∇U˜))cij · ~ij + (
~∇U˜))dij · ~ij
]
+ξd
[
(~∇U˜))D∗
ij
· ~ij − 2(~∇U˜))i · ~ij + (~∇U˜))j · ~ij
]
,
¯ SP|²
{Pn[{yn[{Pw| w|q ~∇(U˜)ji
¤
<`]2[nu]]Uèj){yn[qlrPXTjŁﬂ{yqr{Pu]`rn|j]Uq~@wPt{ﬂjrw|n[hP
U˜ij = U˜i +∇U˜ij
U˜ji = U˜j −∇U˜ji
¯ SyT²
¾
n[£q]:wﬂŁP]UqjXu]]èj³{Pn[&qrPX|j`Łﬂ{you]Bhwy=wPnKhk]:qlŁﬂ{yjlrŁP]Łﬂ{yqrt{yu]:h
Uij , Uji
¤)WYXu]ou~g¢rnK¡ir/4@]:qk«
]:n[]:  [oi¥jXu]Un&¢qr±j]:h P
Φij = Φ
Riemann(Uij , Uji)
¯ Sﬂg²
{Pn[I{Pu ¯Mhlou[hzjq{|%j%²`rj³jw! [ou¥I{Phhk]:\uf {yjŁP]Uqlj]¥
i
¯
j
²{yn[\o[±jr~uf$ [oi¥I{|hlhl]U\uf¡Tf¡jXu]
rnTŁP]:qhl]Á\{PhhY\{ﬂjlqr¥rn&wPqHi]:qﬃjlw?w|ij{PrnjXu]ou~0u{ﬂj]wyjlX[]³Ły{yqr{Pu]P¤

])ql]BU{PijX[{ﬂj= wPq
β = ξc = ξd = 0
§PjXurth=hHXu]U\?]rth- wPouqljlXi«¬wPqHi]:q5{P:ouqH{ﬂj]P§|hk]:]B(/*0S -¬§|uoij=jXu]
hX[]U\?]³\?{Qf®t{P®urhhkr~[{yjlrwPn w|qYw|ouqY~uo[ql~@wThk]P¤À={|Xj]Uq\ﬁrn
ξc
w|q
ξd
rnTjlqwiio[U]:h{;2uèjXi«Éw|qu]Uq
i]:qlrŁﬂ{yjlrŁP]£¯°\oujlr~ur]:ªgf$ [oi¥ h ﬃ|{|w|ur{Pn
F ′
²rn©jXu]®\?wiir/2[]:©]:sTo[{yjlrwPnÚ§"]¥u]:~ijrn©jXu]U{|hk]
¢Xu]:ql]
ξc = −ξd
§i¢XurtX~uqwiio[U]:hY{mhlr±¥gjXi«Éw|qi]:qYirhhlr~[{yjlrwPn¢rjlX
O(∆x5)
¢ë]:rPjlXrn¡´ﬃ{yqljl]Bhkrt{yn
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∆x = ∆y
U{|hk]|¤ "¬n£w|qi]:qYjw@]{yj)h{y\?]]UŁP]:ÚwP-irthhkr~[{ﬂjrw|n£{PhY w|q )¹ #§[¢ë]hkou|P]Bhzjjlw
jH{JP],P
ξc = −
3δ
30
, ξd =
3δ
30
.
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QﬃwPo[n[u{yqf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s|oK{yr±jzfwP[~[q{|%jlrtU{Pg{PUwPo[hkjlrtëhlr\o[{yjlrwPn[h:¤
^)wPni«¬ql] []:jlrnu@wPounKu{yqf¼UwPn[irjlrwPnKh5{Pql]nu]:]Bhlh{yqfrn®wPqHi]Uq-jw{BŁPw|r?hl~uouqrw|o[h-q] K]:%jrnu¢ﬃ{QŁP]:h
jwjlqH{QŁP]UYrnAjlX[]£w|\m~uouj{ﬂjrwPn[{PYiw|\{yrnÚ¤ "înAjlX[rh?~[ql]:r\?rn[{Pqlf¦hkjlo[if|§ë¢ë]&hlX[{PYn[wyj®wPnKhkrti]Uq
~uqwPu]U\h¢rjlX¦~@wThlhlru]®q] []B%jrw|n[hU§{Pn[©¢ë]hlX[{y=oKhk]rnªjXu]~uq]:hl]Un|j]:ª:{ytout{ﬂjrw|n[ho[~T¢rn[
°{PqI2[]:¦w|n[irjlrwPn[hql]:fgrnu¡wPnªjlXu]&dTjl]:P]:qk«

{Pql\?rnu8 [oi¥¦hl~urjkjrn[[¤$"în hlXuwPqlj:§> [oi¥i]:h@]Ujî¢ë]:]Un
@w|oun[u{yqf]U#{yn[]U¥gjl]Uqn[{P0\?]:urou\ {yq]³UwP\?~uoij]:&{Phﬃ wPwﬂ¢h P
Φexternali = A
+(Ui)Ui + A
−(U∞)U∞
¢Xu]:ql]
A = ∂F∂U · n
§
n
@]UrnuªjXu] nuwPq\{yjw¦@wPounKu{yqfP§
U∞
jlXu] [{|gPqwPoun[  [wﬂ¢ {Pn[
~@]Uqljouql[{yjlrwPnhl~@]:Ur2K]:{yjY°{yqL2[]Ut¨¤
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Tij
rth   	 	jwjlX[]mŁP]Uqljl]¥
i
¢rjlXq]:hl~@]:j`jlwjlXu]m]BiP]
ij
r±z§¨ wPq{ynTf
hl\{y#]:nuwPou|X£ql]B{y#nTou\@]:q
η
§KjlXu]¼ŁP]:jlwPq
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